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This supplementary document includes the following
sections. Section 1 describes another multiplexed illumination method using a multiplexing scheme similar to that in
Lemma 4.1 in the paper. The method also extracts N direct
illuminations from 2N + 1 images. Section 2 shows detailed derivation of the SNR analysis results. Section 3 discusses about the pros and cons of direct/global separation
using checkerboard and sinusoid patterns. Please refer to
the project website (www.cis.rit.edu/jwgu/research/demux)
for more direct/global separation results.
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1. Sinusoid Sequential Multiplexing

where αi (x) = Ld (x)/2 sin(φ(x)). If we shift the sinusoidal pattern by 3π/2 in phase and modulate the i-th light,
and capture a second image, we have

In addition to the proposed frequency modulated multiplexing method (Section 4.2 in the paper), we also designed
another multiplexed method for direct/global separation for
N light sources. This method uses a multiplexing scheme
similar to the idea of the theoretical lower bound in Section
4.1 in the paper, except that it uses high frequency sinusoidal patterns instead of checkerboard patterns since read
light sources cannot produce perfect step edges.
Again, at first, we turn on all the N light sources at half
brightness and capture an image I0 :
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Next, instead of setting the i-th light source to be a
checkerboard pattern, we modulate the i-th light source
with a high frequency sinusoid pattern, while keeping all
the other N −1 light sources at half brightness. Suppose the
modulation sinusoidal pattern is (1 + sin(φ(x)))/2, where
φ(x) is the phase of a scene point with respect to the light
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where βi (x) = Ld (x)/2 cos(φ(x)). Since we modulate each light twice, together with I0 , we need to capture 2N + 1 images. To make the analysis consistent with
the frequency modulated multiplexing, we add an unknown
γ = I0 , and thus these 2N + 1 equations can be written
in the matrix form S · x = b, where the unknowns are
x := [α1 , β1 , · · · , αN , βN , γ]T , the captured images are
(1) (2)
(1) (2)
b = [I0 , I1 , I1 , · · · , IN , IN ]T , and the matrix S of
size (2N + 1) × (2N + 1) is


0 0 ··· 0 1
 1 0 ··· 0 1 



S=
(2)
 0 1 ··· 0 1 .


···
0 0 ··· 1 1
(2)

Ii (x) =

We note that det S = (−1)N +1 , and thus it is nonsingular. In theory, this sequential multiplex method can be
used to separate the direct components. We call this method
sinusoid sequential multiplexing. It is easy to implement —
only a single light source is modulated with sinusoidal patterns at any time. However, both theoretical analysis and experiments show this method will amplify noise (see below).

4.5

The condition number of matrix S is close to N + 2 that
grows linearly with respect to the number of light sources.
This indicates its robustness decreases as more and more
lights are involved.
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SNR Gain

2. Signal-to-Noise Ratio (SNR) Analysis
We perform SNR analysis in terms of camera noise. In
our problem, we are interested in the N direct illumination
(i)
components, Ld , i = 1, · · · , N . For simplicity, we assume
the N light sources are of the same brightness and the scene
is a flat surface with a uniform albedo. The MSE (Mean
Square Error) of the N direct components is (see appendix
for derivation)
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where σ is the noise level in each of the captured images, M
is the mixing matrix (for sinusoid sequential multiplexing,
M = S; for frequency modulated multiplexing, M = F.)
Compared to the sequential separation method (i.e., nonmultiplexing, N = 1), the SNR gain, G, is
SNRmultiplexed

=

where σ0 is the noise level for the captured image under a single light source, and M0 is a 3 × 3 mixing matrix for a single light source, corresponding the matrix F
hwhen N = 1. For the imatrix F, we recall that F =
c1 , s1 , · · · , cN , sN , √12 1 , and we have
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For the matrix S (defined in Equation (2)), we have


I2N ×2N 12N ×1
ST S =
1T2N ×1 2N + 1

(7)
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Figure 1. Simulation results of the SNR gain for the frequency
modulated multiplexing methods under different noise characteristics. χ2 = σp /σr describe the relative weight between photon
noise and read noise.
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and thus

Trace (ST S)−1 − (ST S)−1
2N +1,2N +1 = 4N.

Therefore, Equation (4) can be simplified as
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where GF and GS are the SNR gain for the frequency modulated methods and the sinusoid sequential method, respectively. As shown, for the sequential multiplexing method,
the SNR gain GS < 1 (since σ0 ≤ σ), and thus it is not
recommended in practice. Below we analyze GF in details.
A typical imaging system contains three noise sources:
photon noise, read noise, and dark noise. For a single light
source, suppose the photon noise is σp2 , the read noise is
σr2 , and the dark noise is σd2 . Thus, the total noise should
be σ02 = σp2 + σr2 + σd2 . For the multiplexed illumination
case, since there are N lights on, the photon noise should be
N σp2 . Assuming the exposure time and ISO setting remain
the same, the dark noise and read noise keep unchanged.
Thus, the total noise is σ 2 = N · σp2 + σr2 + σd2 . For typical
DSLR cameras, the dark noise is relatively small compared
to photon noise and read noise, and can be effectively reduced via cooling.
For the frequency modulated multiplexing, if the imaging system is read noise limited
p (e.g., in low light), we have
σ 2 ≈ σ02 , and thus GF = (2N + 1)/3. If it is photon
noise limited (e.g.,q
for long exposures), we have σ 2 ≈ N σ02 ,
p
2N +1
2/3, which means this is
≈
and thus GF =
3N
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Figure 2. Using conventional light multiplexing [2] for direct/global separation for multiple light sources. For N light
sources, the sequential separation method [1] will need 3N images. For each light sources, we modulate it with three shifted sinusoidal patterns (shown as columns in the above figure). One can
perform conventional light multiplexing using Hadamard codes by
first grouping these 3N images into three groups (shown as rows)
and perform multiplexing for each group. This method will still
need 3N images, but it will have SNR benefits for dim scenes.

no benefit for multiplexing in terms of SNR. GF depends
on the noise characteristics (i.e., the relative weight of read
noise and photon noise) of the imaging system. This conclusion is similar to that of conventional light multiplexing
without direct/global separation [3]. We define χ2 = σp /σr
as a measure for noise characteristics. Figure 1 shows the
SNR gain versus the number of light sources for different χ2
values. The curves are computed via simulation. As shown,
2
when read noise dominates
√ (i.e., small χ values), the SNR
gain is proportional to N . As photon noise increases (i.e.,
large χ2 values),p
the SNR gain reduces and finally fix on
a constant value 2/3. The simulated results match well
with our theoretical analysis.
In addition to the sequential separation method which
turns on a single light source at a time, one can employ the conventional Hadamard code based multiplexing
scheme [2], as explained in Fig. 2. While it still needs 3N
images, for dim objects
q and read noise limited situation, it
2

+1)
increases SNR by (N4N
. Compared to this Hadamard
based method, the proposed frequency
modulated multiq
p
4N (2N +1)
plexing method has a SNR gain of
8/3 ≈
3(N +1)2 ≈
1.6. Overall, our proposed method has higher SNR, while
requiring fewer images (2N + 1 vs. 3N ).

Bright Objects: So far, we assume the exposure time and
ISO setting are common. For bright objects, to avoid saturation, we need to vary these settings. We assume the ISO
setting is fixed and discuss the effect of the exposure time

(a) Checkerboard
(3x25=75 images)

(b) Sinusoid
(3x3=9 images)

(c) Frequency Modulated
Multiplexing (2x3+1=7 images)

Figure 3. One of the direct components of a V-groove scene under N = 3 light sources. (a) is the result of the sequential separation using a checkerboard pattern [1], (b) is the result of the
sequential separation using sinusoid patterns, and (c) is the result
of the proposed frequency modulated multiplexing. As shown, the
checkerboard method has the highest quality but requires much
more images. The proposed method has better quality than the sequential separation using sinusoid patterns, while requiring fewer
images (2N + 1 versus 3N ).

to the SNR gain (similar conclusion can be derived for ISO
settings). Suppose Ld is the typical readout for exposure
time t0 for single source case. Suppose for multiplexed illumination, the exposure time is t, and thus the direct component will be Ld t/t0 , and thus the SNR gain GF is
r
2N + 1
σ0
t
GF =
· ·
,
(11)
σ(t) t0
3
where σ(t)2 = N tσp2 /t0 + σr2 + tσd2 /t0 . Note that both
photon noise and dark noise increase with respect to exposure time. Suppose the saturation threshold for the imaging
system is Lmax , we have
N · Ld t/t0 ≤ Lmax

(12)

In this case, the SNR gain GF (in either the photon noise
limited or read noise limited case) is given by
r
Lmax 2N + 1
(13)
GF =
Ld
3N 2
Thus, multiplexing will actually reduce SNR (since we have
to shorten exposure time to prevent saturation, which undermines SNR).

3. Checkerboard vs. Sinusoids vs. Frequency
Modulated Multiplexing
Nayar et al. [1] proposed two practical methods for direct/global separation for a single light source. The first
method is to use a checkerboard pattern, which is shifted
multiple times in both x and y directions. To overcome
color bleeding, optical defocus, screen door, and other problems in projectors, usually we need to shift the pattern 25
times or more [1].

The second method is to use three sinusoid patterns with
different phases and solve a 3 × 3 linear system to compute the direct and global components, as reviewed in Section 3 in the our paper. While it requires only three images, because of the quantization error and image noise for
the projected sinusoid patterns, it is much easier to have
artifacts presented in the separated components. Figure 3
shows an example of a V-groove under three light sources.
Figure 3(a) shows one of the direct components using the
checkerboard methods (with 25 images per light source).
Figure 3(b) shows the direct component using three sinusoid patterns, which clearly shows the vertical stripe artifacts. Therefore, in our experiments, to fairly evaluate the
performance of the proposed method, we used the checkerboard method (with 25 images per light) to obtain highquality direct/global components as ground truth for comparison. The minimum number of images required for a
satisfactory direct/global separation will vary with both the
imaging system settings and the scene.
Figure 3(c) shows another interesting fact. It shows the
separated direct component using the proposed method. In
total, our method requires 2 × 3 + 1 = 7 images. The result is comparable to that of the checkerboard (Fig. 3(b)),
and is better than that of the sequential sinusoid method
(Fig. 3(b)). In other words, we can obtain better results with
few images. Thispis expected, since as shown in Section 2,
the SNR gain is (2 × 3 + 1)/3 = 1.63.
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